Sequences & Series Pure Maths topic notes

Arithmetical Series

Arithmetical series structure

An arithmetical series starts with the first term, usually given the letter 'a’'. For each
subsequent term of the series another term is added. This is a multiple of the letter 'd"
called 'the common difference'.

So the series has the structure:
So=a+w+d)+ o+ 2d)+ o+ 3+ + I -d)+!

where S,is the sum to 'n' terms, the letter 'I' is the last term.

The common difference 'd" is calculated by subtracting any term from the subsequent
term.

The nth term(sometimes called the ‘general term')is given by:

a + (=1
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Proof of the sum of an arithmetical series

The sum of an arithmetical series is found by adding two identical series together, but
putting the second series in reverse order.

S,=a+ig+d)+{a+2d)+ .+ -2+ (F-d)+!
Se= I+ -+ -2+ (e 2d)+ e+ A+
28, =(a+D+(@+D+a+D+. +@+D+l@+D+(a+l)

noting that there are still # terms on the RHS

L2, =mla+d)
= 5 = Pz(c;r;.-!'} (i
since the last term [ 15 given by
f=a+ip-1)d

substituting for [ in
mla+a+ (-1

Sy =
2

5, = ;(2a+ (- 1))
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Example #1

In an arithmetical progression the 8th term is 23 and the 11th term is 4 times the 3rd
term.

Find the 1st term, the common difference and the sum of the first 10 terms.

let the lstterm be @ and the common difference &
then the &th termsis given by

a+Td =23 {1
the 1 1th term 15 (@ + 104, the 3rd term 1z (o + 24)

a+10d =4(a+ 24)

a+ 104 =da+ 84

104 -84 =da—w

2d=3a a=4d (i1
substituting into (1 shove for &
a+7d =123
2d+7d =123
2+ 21d = A9
23d =69, d=3
substituting into (11 for &
a=3(3), a=2

o the firstterm iz 2 and the common difference 12 3

sum of the first 10 termsis given by

Sx=§(2a+(m-1)dj

5y = %(2(2}+ (10-1)3)

=504+ 9=
=5x31
=155

sumn of the first 10 termsis 155
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Example #2

The sum of terms of an arithmetic progression is 48.

If the first term is 3 and the common difference is 2, find the number of terms.

fifnce
)
5, = E(2c2'+ (m-1d)

and w=3 J=2 5, =43

the sum of the first »# termsis given hy:
%=§@mqmnm
2
48 = E(2x3+ (m-112)

U = G+ 2n° — 2n

20’ +dn—96=10
nr2n—48=10
(r—0)E+8)=10

hence m=f or m=-8

. the number of terms 12 6
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Arithmetic Mean

This is a method of finding a term sandwiched between two other terms. The required
term is calculated by taking an average of the term before and the term after.

So if we have a sequence of terms: a b ¢ and a and c are known. Then term b is given by:

_atc

Example

If the 3rd term of an arithmetical progression is 7 and the 5th term is 11, what is the 4th
term?

let the 3rd term be 'a’' and the 5th term 'c'

then the 4th term 'b' is given by:

E:l=ﬂ'+l::'
2
7411
—
3
)
b=
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