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The Integration Formula

The Integration Formula

The expression to be integrated is the derivative of some function eg f(x) called the
integrand.

When this expression is integrated the original function is restored plus a constant (C)
called the constant of integration.

This is called the indefinite integral when the integration is not between two limiting
values of x.

However when the integration is between two limiting values of x then the integral is
called the definite integral and the constant of integration is not involved.

For any variable 'x' to the power of 'n' the integral is given by:

n+l

: A
| X"y =——
. n+l

In other words, increase the power of x by '1' and divide x by the new index.

Rule #1

Any constant(eg C) multiplied by a function f(x) can be integrated by placing the constant
before the integration sign.

[ Cf Gax = Cf £ ()

Example

fﬁ sin(x)dx =5 [siu(x yedx = —Scos(x)



Rule #2

The integral of two separate functions which are added together is the same as each
function integrated separately then added together.

|LrGo£geoldc= | fGodet [g e

Example
j(ﬂxg +de™)dx
i jx‘*.;ix+4 J‘e*.:ix
= gf + 4

Rule #3

The addition of a constant to a variable doesn't change the form of the integral. However,
X must be in the first degree ie no higher powers of x are involved. (‘a’ is a constant)

if [/ Godc= F(x) then [ fGr+a)de= Fx+a)

Example

4 4
|x3f,i>c=xI s frppsippe L

*



Rule #4

If 'a’ & 'b' are constants then x can be replaced by 'bx+a' with the integral remaining in
the same form.

if j FOCdc = F(x)

then | f(bx+a)dx= EljF(bx+a)

Example
)
lm’x:x—
. 3
- 1 (3x+4)
[aamupel SEE4E
. 3 2
_ (Gx+ 47

&




Integration by Substitution

The Substitution method(or ‘changing the variable')

This is best explained with an example:
j_’(zx+ 5Y dx
Like the Chain Rule simply make one part of the function equal to a variable eg u,v, t etc.
et E=02xF5)
Differentiate the equation with respect to the chosen variable.

dt

dx

=2

Rearrange the substitution equation to make 'dx' the subject.

dt

2

dx=

Substitute for 'dx' into the original expression.
¢ ot

| (2x+5) =

Substitute the chosen variable into the original function.
.3 dr
15—
A

Integrate with respect to the chosen variable.

=E gt
| —df=—=—+0
- 24 B

Restate the original expression and substitute for t.

P53
(2x )+

| (2 +5 = c

NB Don't forget to add the Constant of Integration(C) at the end. Remember this is an
indefinite integral.



Example #1

Example #2

[ T

- X




Example #3

*I*smExcosxcif

let £=sini

then ﬁ =E05 %
ff = cos

fsm3xcosxaif= I*IE.:ff
4
i
o E
4
_ sin* x
4

+




Inteqgration ‘by parts’

Integration 'By Parts' - from the Product Rule

The integration of expressions where there are two separate functions multiplied together,
is essentially by an amended version of Leibnitz's Product Rule.

to integrate an expression ofthe type
| F(x)g(x)ax

make u-= FHES) and  v=z(x)

the expression becomes |ch1’;{

using the Product Rule:

d(5) v
=—+V—
fx adr  dx
dv  din) du
= — = -—v—
o ax ax

integrating with respect to x

iu [QJ ax=uv— I ‘p{ﬁ] oax
< Ldx - Ldx

_fucfv= v — _fvdu
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Example #1

integrate [ 2™

dv=ea"dx

i 1
then X_3 and  v=-—g"
ey 3
che = 2edx
using the formula
fucfv =Lv— |v:ﬁx
A 1 A
| 2xe¥dr=2x-2" - IEE?E”.chx
2
=_xé|3x_i.l€3x
3 i3
=%23x_323x+c

Example #2

integrate fou:n:ns X%

tmalke wn=23x and @=cusx
dx

v =cos xfx

E=2 and v=gnx
dx
oy = 2dx

using the formula

fudv= v — |vcﬁx

then

iExcus Xedr = 2x.sin x— fsin x2dx
=2xsnx—2(—cosx)+ C

=dxsnx+ 2cosx+
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Example #3

integrate [ 3x1n xedx

make wm=Inx and @:3‘1
x
v = 3 xdx
then dﬁ=l and v=ix2
dx x 7
LS
x
using the formula
fuci’v=uv—fv:fu
I‘3x1nx.:£x=1nxix2—‘i E
) ] W

=Ex21nx—fixdx
2 2

=Ex21nx—i.£
2 2 2

3x

=Ex21nx——
2 4
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Integration of Algebraic Fractions

Before beginning this topic it is advised that you read and understand 'partial fractions' in
the algebra section first. The examples given here assume knowledge of this.

Denominator 1st degree(x)

Example
e 3
fnd | ——x
S hx+ 2
S 1
using | ==In |c;rx+ EJ|
Yar+bh o«

= Iidx= 3.lln|5x+ 2|
S ix+ 2 ]

I‘iafx=%1n|5x+ 2|

S hx+2
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Denominator 2nd degree(x?)

Example
find sz—_idx
Cix+1)

using pattial fractions

2x—12 A 5
Cxs 1} & xr+1 E (x+17
_Alx+1)+ B
I
dx—2=Alx+1)+ B
making x=-1
-i-2= 0 +8
b=-4
making x=2
4-2=A(3)-4

2=34-4, 3A=06 4=12

2x-2 2 4

e 1) T x+l (x+ 1)

c2x-2 o 2 4
R (LI
(x+1) x+1l (x+1)

f%dx= 2ln(x+ D+4(x+ 1)
(x4
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Denominator 3rd degree(x®)

Example

fi |de
Y- 005+ 2

using partial fractions
S+ x 4 Lx+
=3 + 3
(I=xi5+x) s+l Swx
A5+ 2+ (Bx+ Y1 - x)
- {1— x5+ z°)
S+x=A5+x9+ (Bx+ Ol-2)
S+x=54+Ax + Bx+1-Bx —ex

making x=1
5+1=A05+1D+ 0
6=64, 4=1
making x=10
=54+ C, F=5+C, =10

equating coefficients of z° ¥

B=l=8: Bl

5+ x 1 . x
(I=D5+28) 1-x 5+

| S+ x cfx=|‘[L— x }:b:
-(1—x)(5+?] Ni-x 5+7°

S+ x

!
~HTEETFTﬁ=_m&_D+§m6+£)




15

Definite Integrals

The 'definite Integral' equation

If a function F(x) is the integral of the function f(x)
F(x)=)f(x)dx

then an integral of the form:

&

[ f)ax =[ F(x)] =F() - F(a)

is known as the definite integral, where a, b are called the limits of the integral.

Example #1

evaluate lf (2 + Dk

B,
3

[
[

_ 0 s 2
303

[ @ + et = {

+1

14
= ?+3:4%+3:?%§

2 a
!1 (2" + D =724




16

Example #2
evaluate I;E(Jc3 + 2xcde
K +*
| (C + 200cde= | — +2°
2 4 :
4 4
A A
4 4
{2H
4 4
=20 +9-4-4
=21Y
a3
|, (o + 2x00ckc= 21}
Example #3

ad
avaluate l, (3" + 2 + Sk

]

I (3¢ + 24 el = {T+_+5x}
=[

9higi02ig 0 21] (]
=[8+4+10]
22

a2
, (3 + 22+ S)ebc = 22
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The Area Under a Curve

Area under a curve related to different axes

ab

cd
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Example #1

Find the area 'A' enclosed by the x-axis, x=2, x=4 and the graph of y=x3/10.

4

A= Jy.::fx

A
Jlﬂldx

410], |40},

LI
Lol

_[240 _[6]
|40

area ‘A1z 6
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Positive and negative area

b o
Age = | ydx — | ydx
i h

] a
= | f(x)dx +|| f(x)dx

b

note: This expression calculates the absolute area between the curve the vertical lines at
'‘a’ and 'b' and the x-axis. It takes no account of sign. If sign were an issue then the two
integrals on the first line would be subtracted and not added.

Unless told differently, assume that the absolute area is required.
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Example #1

Find the area 'A' enclosed by the x-axis, x=1, x=8 and the graph of y=2sin[(x+3)/2].

The curve crosses the x-axis at y=0.
Therefore 2sin[(x+3)/2]=0
Sine is zero when the angle is 0,180 or 360 deg.

(zero, pi and 2 pi)

xt+3
= Iy xedn=3, =328
3%8 44
A= | ydot|| ydx
1 28
338 ]

= [ 2si[(x+3)/ 2]dx + f 2sinf(x +3)/ 2]dx
"i -

325
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_ i |-
A= —EEDS[EJ] + —2cns[x+3]:|ﬁ
! 24 L 2 J s
i — 32843 o —— 1+ 3
L 2 = 2

=[-Zcos(3.14)] - [-2 cas(2)]
i |[—2 cns(ﬁ.ﬂj]— [—2 cos(3 14:':”

=[-2(1)]-[-2(-0.416)]
+[-2t0.709) ]~ [-2¢-13]

=2-0.83+[(-1.42-2)|
=1.17+342

=458

aread =457
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Area bounded by two curves

2 &
A = | J’1'53ix_J Yol

©2009 A-level Maths Tutor  All Rights Reserved www.a-levelmathstutor.com
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Example
To 3 d.p. calculate the area 'A’ included between the curves y=x2/2 and y=(0.75)x

first find the x value where the curves cross

y y=x%/2

y=(1.75)x

2

D * 3, = Tx
1 2 E 2 4
where the curves cross Y= ¥a

xg_Tx
T
= 2x=", K=

= 4x'=14z
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The area 'A' is the difference between the area under the straight line and the area under
the parabola, from x=0 to x=3.5 .

s 15
7 p o
A= | —mdr— | —fx
o 4 n ol

7 1
E(12.25)—?:42.875)

=10.719-7.144
=3.573

area A=3573
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Volumes of Revolution

Method

A volume(rotated around the x-axis)is calculated by first considering a particular value of a
function, y;, up from a value of x at x; . The line x;y; may be considered as the ‘radius' of
the solid at that particular value of x.

If you were to square the y-value and multiply it by pi, then a cross-sectional area would
be created.

Making a solid of revolution is simply the method of summing all the cross-sectional areas
along the x-axis between two values of x.

(compare: area of a cylinder = cross-sectional area x length)

The method for solids rotated around the y-axis is similar.
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Rotation around the x-axis

The volume V,of a curve y=f(x) rotated around the x-axis between the values of x of a and
b, is given by:

N
[
=
R -
i
ﬁi\_m

©2009 A-level Maths Tutor  All Rights Reserved www.a-levelmathstutor.com
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Example

What is the volume V of the cone swept out by the line y=2x rotated about the x-axis
between x=0 and x=57

i ]

2
using = Njygdx
and y=2x

5
=2 Vs = ;?TTI‘(Exjgdx

5

= ;?TJ‘-’-’lxzdx

_q 123 =}T% = 16667

:

volume ¥ of cone is 166.6 7T
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Rotation around the y-axis

The volume V,of a curve y=f(x) rotated around the x-axis between the values of y of ¢ and
d, is given by:

g
v, = :f'| .xchy

c

©2009 A-level Maths Tutor  All Rights Reserved www.a-levelmathstutor.com
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Example

What is the volume V of the 'frustrum’(cone with smaller cone-shape removed) produced
when the line y=2x/3 is rotated around the y-axis, when the centres of the upper and
lower areas of the frustrum are at 0,7 and 0,3

i
using V= Hjxgdy

and y=— x=—

o ]df
e

17
s 0
s
=ﬁg?3 933
43

e (343)] —;?T[— (2?)]

=l

_%;ﬁr 237
4

volume of cone1s 237
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The Trapezium(Trapezoid) Rule

Theory & method

The Trapezium Rule is a method of finding the approximate value of an integral between
two limits.

The area involved is divided up into a number of parallel strips of equal width.

\ n strips
: n+ I verticals
N\
'}I: '}}I'f'jl
Y, ¥, /
Ny,
21314 n
N a b

Each area is considered to be a trapezium(trapezoid).
If there are n vertical strips then there are n+1 vertical lines(ordinates) bounding them.

The limits of the integral are between a and b, and each vertical line has length y; y> ya...
Yn+1

(b—a)

H

width of each strip =

area of first strip(e = 1)
= iwidth of stnip % | average length of verticals |

_E-a) {:ﬁg +le
Ee 2
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Therefore in terms of the all the vertical strips, the integral is given by:

.EI‘.
[ fxpax

b-a[1 ! : 1

B-a[1
H[Ta][gi}*ﬁ V)t O+ 0+ Pyt ot n)}

approx. integral = (strip width) x (average of first and last y-values, plus the sum of all y
values between the second and second-last value)



Example #1

32

ax
i

using a strip width of %, evaluate | tan xdx
0
{answer to 2 d.p.)

¥y = tan{0) = 0
T
J’2=taﬂ[ﬁJ= 0.3249
2T
y3=tan[ﬁ]= 07265
J’4=tm{?—ﬂ]= 1.3760
24274
¥; =tan {?—NJ = 3078
3078
2x
[ e 3[3"]73 ¥ 2.42?4}
: 10

= 2115394 2.4274]
10

=03142=3 966 =4 594
dx

3
| tan xefr e 459 (2dp)
[
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Example #2

8
evaluate | Xdx  using strips of width '1' unit.
z

= ¥ P
Iion 9
4 ¥ 1
I ]
A 1
T, 43
8 Vs 64 E s
T 126
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Integrating Differential Equations

Introduction

All equations with derivatives of a variable w.r.t. another are called 'differential equations’.
A first order differential equation contains a first derivative eg dy/dx.

It might not be appreciated, but ALL integrals are derived from original ‘first-order’
differential equations.

dy

~ =7

dy = f{x)dx
y = | F(x)dx

Example:

raama el

&%

ﬁ= X -dx+ 2

ax

dy = (% - 3x+ Dex

¥= |{J{2 —3x+ 2)dx
xF axd

=—-—+2x+
Y 3 2

{ 'C'constant ofintegration)
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First Order with 'variables separable’

Solution is by collecting all the 'y' terms on one side, all the 'x' terms on the other and
integrating each expression independently.

% - (e

rearranging

L ody
s

integrating hoth sides
1 dy

(Ldy o
! preein ~I Fax

O L
© gy :

Example #1
dy daig]
dx 3y
rearranging
3}?@ =4x41
dx

integrating hoth sides
(392 dx— [ (423 + Dax
J fix 4

f3y¢fy =f{4x3 + Ldx

multiplying by 6
9y =82 + fix+ O
dividing by 9
8 ix
R mC B,
¥ 3 3 3

Note how the constant of integration C changes its value.
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Example #2

dy . 3

dx Y
rearranging
1 dy
Fdx
integrating both sides

I‘Lﬁdx=lf3m"x

Uy dx
_i%aﬁxaiamfx

iy_chy = f3;mfx
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First Order 'linear' differential equations

By definition 'linear' differential equation have the form:

1602+ yg) =h(3)

Dividing by f(x) to make the coefficient of dy/dx equal to '1’, the equation becomes:
ay
~+Py=0
alx

(where P and Q are functions of x, and only x)

The key to solving these types of problem is to choose a multiplying factor(sometimes
called an 'integrating factor') to make the LHS of the equation appear like a result from the
Product Rule.

diwy i
i

3o
SR



38

Example

remetnh

%+Py=g

3 2
.'.JD=—, Q= —2+
X X

multiplving (i by x° to make the LHS

like a Product Rule result

xch_y+ 3x2y= 2x+ x°
ox

but

d(Xy)_ sy
i —A‘Z—+3x2y

= 2x+x

d(2y)
TR

integrating wrt x

| d(x’y) = f(2x+ Hidx
. d"x 4
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Notes

This book is under copyright to A-level Maths Tutor. However, it may be
distributed freely provided it is not sold for profit.



